Exam Functional Analysis, Najaar 2021 /22

14 januari 2022, 08:30-11:30 (12:00)

Please note:

e You may use my lecture notes, preferably the most recent version, in printed form. Ev-
erything else (books, homework, notes, and any sort of electronic device) is prohibited.

e If you refer to a (non-trivial) result in the lecture notes, give a precise reference.
e Exercises in the lecture notes may only be cited if they were assigned this semester!

e If you can’t solve a part of a problem, you may nevertheless use it for the subsequent
parts of that problem!

e Write your name and student number on every sheet.

e The exam is stated in English like the lecture notes and the homework exercises, but you
may of course write your solution in Dutch if you prefer.

e Do not waste time and space by giving excessively detailed proofs of easy statements!

e You can achieve 50 points (plus 5 bonus points). 28 are sufficient for passing.

Problem 1 (10 pt=2+6+2) Let H be a Hilbert space.
(i) Show briefly that H = H @ H is a Hilbert space with the obvious choice of inner product.

(i) Let A € B(H) and A* its adjoint. Show that the graph &(A*) C H of A* is the orthogonal
complement in H of a certain linear subspace.

(iii) Conclude that A* is bounded. (Never mind that there are simpler ways of seeing this.)

Problem 2 (10 pt=5+2+43) Let E, F' be Banach spaces and A € B(E, F'). If A is bounded
below then clearly it is injective, and we have proven that the image AE C F is closed.

(i) Prove the following converse: If A is injective and AE C F' is closed then A is bounded
below.

(ii) Give examples showing that neither of the two conditions in (i) alone implies boundedness
below.

(iii) Now assume that E is a Hilbert space. Prove that A € B(F, F) has closed image AE C F
if and only if A | (kerA)* is bounded below.

Continued on next side!!



Problem 3 (8pt) Let V' be a Banach space and W C V' a closed linear subspace. Define
Wr={peV*'|px)=0VzecW}CV*
(i) Construct an isometric linear bijection o : (V/W)* — W,

(ii) Construct an isometric linear bijection 8 : V*/W+ — W*. Hint: Hahn-Banach.

Problem 4 (12 pt=2+2+2+2+2+42) Let V = C*([0,1],C) (the once continuously differ-
entiable functions [0,1] — C). For f € V define || f|| = || f|loo + ||/l -

(i) Prove that (V|| -||) is a Banach space. (You may assume from analysis that if f,,g € V
and f, — g and f — h uniformly then ¢’ = h.)

(ii) Show that V is a Banach algebra when multiplication of functions is defined point-wise,

ie. (fg)(x) = f(x)g(x).
(iii) Let g(x) = for all x € [0, 1]. Compute the norm, the spectrum and the spectral radius
of g.
(iv) Define a *-operation on V by f*(z) = f(z). Does this turn V into a C*-algebra?
(v) If E C[0,1] is a closed subset, show that
Ip={feV | flx)=0Vx e E}

is a closed two-sided ideal in V.

(vi) For a € [0,1] let I, = {f € V | f(a) = f'(a) = 0}. Show that I, is a closed ideal that is
not of the form Iz as in (v) for any E.

Problem 5 (10=2.5+1.5(+5)+24+242 pt) Let H be a Hilbert space.
(i) Prove that {A € B(H) | A is bounded below} is an open subset of B(H).

(ii) Let A € B(H) be a boundary point of the set of the set of invertible operators. Prove
that A is not invertible.

(iii) [BONUS] For A as in (ii), prove that A is not bounded below.
Now for A € B(H) define the approximate point spectrum by
oap(A) = {A € C| A— A1 is not bounded below}.
(iv) Prove o,(A) C 04p(A) C o(A).
(v) Prove that o4, C C is closed.

(vi) Prove that the boundary of o(A) is contained in o,,(A).



Solutions

Solution 1 (i) We give H the inner product ((z,y), (z/,y)) = (z,2’) + (y,y/). This clearly is
an inner product, and completeness of H w.r.t. to this inner product is straightforward (and
was a homework exercise).

(i) By definition, &(A*) = {(z, A*z) | = € H}. Now, for (y,z) € H we have

(2, A%2), (y, 2)) = (z,y) + (A", 2) = (2,y) + (2, A2) = (v, y + Az2).

We have (y, z) € &(A*)* if and only this vanishes for all x € H, which is equivalent to y+Az = 0
and thus to y = —Az. Thus &(A*)t = {(—=Az,2) | 2 € H} =: V. The orthogonal complement
of any subset of a Hilbert space is a closed linear subspace, thus V' is a closed linear subspace.
(Note that V = &(—A)!, where (z,y)! = (y,z).) If we prove that &(A*) = VL, we are done.
From &(A*)L =V we obtain &(A*)t+ = VL but to replace the Lh.s. by G(A*) we’'d need to
know that space to be closed, which is what we want to prove! Thus we have to compute 1%
directly: If (z,y) € H then

((2,9),(=Az,2)) = (x, =Az) + (y,2) = —(A"z, 2) + (y,2) = {y — A"z, 2).

Now (z,y) € V1 is equivalent to the above vanishing for all z € H, thus to y = A*z and
therefore to (z,y) € &(A*). Thus indeed &(A*) = V+.

Remark: Strictly speaking, one can simply write down the definition of V' and prove G(A*) =
VL, but that is bad style. Where does that V' come from?

(iii) Since orthogonal complements in a Hilbert space are always closed, it follows from (ii)
that the graph of A* is closed. Now boundedness of A follows from the closed graph theorem. B

Solution 2 (i) By assumption, the image F' = AE C F is closed, thus a Banach space. The
map A’ : E — F’ given by interpreting A as a map ' — F’ is injective and surjective. Thus
by the bounded inverse theorem there is a bounded linear map (A’)~' : F/ — FE inverting
A’. Te. there is a C such that ||z| = ||(A")'Az|| < C||Az| for all z € E. Equivalently,
|Az|| > C7Y||z|| Vo € E, so that A is bounded below.

(ii) Let E=F = (*(N,C) and A € B(FE, F) defined by (Af)(n) = f(n)/n. Then Af =0 if
and only if f = 0, thus A is injective. But it is not bounded below. And any zero operator has
closed image {0}, but is not bounded below.

(iii) Combining (i) and Lemma 7.33 we have: An injective bounded linear map A € B(E, F')
has closed image if and only if it is bounded below. Taking into account that AE = A(kerA)+
and that the restriction A | (kerA)' is injective, the conclusion is immediate. [ |

Solution 3 (i) Let p: V — V/W be the quotient map. If ¢ € (V/W)* then clearly ¢ op is in
V* and vanishes on W, thus ¢ o p € W=, This defines a map a : (V/W)* — WL, If ) # ¢/
then surjectivity of p implies 1) o p # 9/ o p, thus « is injective. If o € W+, thus ¢ | W = 0,
then Proposition 6.1(v) implies that there is a unique ¢ : V/W — F such that ¢ o p = ¢. This
proves that « is surjective. That « is isometric also follows from Proposition 6.1(v).

(ii) Let p : V* — V*/W+ be the quotient map. If ¢ € V* then the restriction ¢ | W
clearly is in W*. And ¢ € W+ implies ¢ | W is zero. Thus there is a well-defined linear
map [ : V¥/WE — W+ If B(¢) = ¢ | W = 0 then ¢ € W, so that 8 is injective. Since
le T W < l¢ll, # has norm < 1. By the Hahn-Banach theorem, for every ¢) € W* there is a
77//}\ € V* of the same norm such that {/)\ [ W =1. Now ﬁ(p(ﬁ)) = 1), so that [ is surjective and
has norm > 1. In particular it is isometric. [



Solution 4 (i) It is quite obvious that V' is a vector space and || - || a norm on it. Nevertheless,
I expect to see at least a few comments on this! It remains to show that (V, ||-||) is complete. If
{fn} €V is a Cauchy sequence w.r.t. || - || then || f||c < ||f]| implies that {f,} is Cauchy w.r.t.
| - |loc and therefore uniformly converges to some g € C([0,1],C). And {f}} is Cauchy w.r.t.
| - oo and converges uniformly to some h € C([0,1],C). Now the stated fact implies g € V.
Thus || fn — gllec — 0 and || f} — ¢'|l« — 0, implying also || f,, — g|| = 0. Thus V' is complete.

(ii) If f,g € V then clearly fg € V. I am shocked that more than one person claimed
(fg)' = f'¢" ! Now submultiplicativity of || - || follows from the computation

1 f9]l 1fgllos + 1(f9) loo < I fllscllglloc + I1f'g + f3llo

1/ oo llglloc + 1f o119 oo + 1 lloc gl

1Nl llglloo + 1 flloollg'lloo + 1F Nloolglloo + 11 [0l loo
U fllso + 11 Moo lgllse + 19" lloc) = £ NI g1I-

(iii) Easily, ||g]] = |zl + [[1]lcc = 2. If X € [0,1] then g — A1 is not invertible, while
x> (r — A\)~! is a smooth function, thus in V, if A & [0,1]. Thus o(g) = [0,1] and r(g) = 1.

(iv) It is easy to see that x is an involution/*-operation. But it does not turn V' into a C*-
algebra!l This follows either by directly showing that the C*-identity fails, of from (iii) since in a
commutative C*-algebra we would have ||g|| = r(g) Vg, whereas (iii) provides a counterexample.

(v) I don’t feel like writing up the rather obvious proof.

(vi) Clearly I, is a linear subspace of V. If f € I,, g € V then (fg)(a) = 0 and
(f9)(a) = f(a)g' (a) + f'(a)g(a) = 0, thus fg € I,. Thus I, is an ideal, and closedness w.r.t.
||| is clear in view of the definition of the norm. Clearly I, is contained in I4y, but it is strictly
smaller since the function z — z—a is in I, but not in I,. On the other hand, f : z — (z—a)?
isin I,, but not in I for any E 2 {a}. Thus I, is not of the form I for any closed £ C [0, 1]. B

IAINA

Solution 5 (i) Let A € B(V) be bounded below. Ie. there exists C' > 0 such that ||Az| >
Cllz|| Vx € V. If A’ € B(V) with ||[A — A'|| < C/2 then using ||y — ¢'|| > |ly|| — ||¥/]| we have

! / !/ C C
A2 = [I(A = (A = Azl = [[Az]| = [|(A = A)z]| = Cliz]| = S llzll = S ll=l] Yz €V,

so that A’ is bounded below. Thus the set of bounded-below operators is open.

(ii) Let I = Inv(B(H)). By definition of the boundary, I = I N B(H)\I. By Lemma
11.10(ii), I is open, thus O = I N (B(H)\I). Thus every A € OI is in B(H)\I and therefore
not invertible.

(iv) If A € 0,(A) then A — A1 is not injective and therefore not bounded below. Thus
A € 04p(A). And if X € 0,4,(A), thus A — A1 is not bounded below, then it is not invertible by
Proposition 7.35. Thus A € o(A).

(v) If X & 04,(A) then by (i) also N & 04,(A) for |X — N'| small enough. Thus C\o,,(A) is
open.

(vi) If A € 9o(A) then A — A1 € OI (since there are X arbitrarily close to A with A — A1 €
invertible or not). Thus A — A1 is not bounded below by (iii), so that A € o,,(A).

(iii) Claim: ||[B7Y| — oo as B — A in I. Equivalently, for every M > 0 there is an open
neighborhood U C B(V) of A such that ||[B7!|| > M for all Be INU.

Proof of the claim: Falsity of the claim would mean that there is an M > 0 such that for ev-
ery neighborhood U of A thereis a B € UNI with |B~!|| < M. In particular we can find B € T
with [|[B7!|| < M and ||A — B|| < M~'. This implies |A — B|| < ||B~!||7!, which together with
invertibility of B implies invertibility of A by the proof of Lemma 11.10(ii), contradicting (ii). W



Proof of (iii): Let € > 0. By the claim, we can find B € I such that ||A — BJ| < £/2 and
| B~ > 3/5 By definition of the norm, we can find z € V' w1th |z|| =1 and || B~ tz|| > 2/e.
Put y = =y Now Ay (A B)y+ By = (A~ B)y+ gzt With [|lz]| = [ly|| = 1 we have
|Ay|| < ||A—BJ + B 1m” < 5+5 =¢. Since [|y|| = 1 and € > 0 was arbitrary, we have proven
that A is not bounded below. |



