Questions Resit Exam NWI-WB046B (only written part)

1. (10 points) Maximum principle

Assume u € C12(Qr) with Q7 = (0,7] x Q for Q C R” bounded and open. Consider the
partial differential operator

Lu:=u — Au—+ Z biuz, + cu, on Qp,
i=1
with b = (by,...,b,) € R" and ¢ € C(Qr). Show that if Lu < 0 and ¢ > 0 on Qp then

maxu < max u*,

Qr I'r
where ut = max(u,0) is the positive part of u and I'r := ([0,T] x 9Q) U ({0} x Q).

(Hint: Distinguish several cases. For the full case Lu < 0 use a trial function wu., for
example, u. = u + e exp(ax;) for a suitable choice of a.)

2. (10 points) Decaying solutions

Let u solve the equation

uy — Au = 0, in [0,00) x R?,
u = U, on {t =0} x R3,
U = uq, on {t =0} x R3,

where ug and u; are smooth and have compact support. Show there exists a constant ¢
such that

lu(t, )| < -, for all 2 € R ¢ > 0.

+1 O

3. (10 points) Method of characteristics
(a) Solve the following initial value problem:
3y, — Uz, =u?  in (0,00) X R,
u=yg on I' = {z9 = 0}.
Here, g is a given function. What regularity of g is required to obtain a classical

solution?

(b) Let © C R™ be open with nonempty C! boundary ). Consider a first-order partial
differential equations with given boundary data of the form

F(Vu,u,z) =0 in Q C R"”,
Uu=g on I' C 99.

Suppose I' C {z, = 0} locally, F' is C? and ¢ is C'. Assume furthermore that

(p°, 2%, 20) is an admissible triple (of initial data) for the system of characteristic equa-

tions for (p, z,z). Answer the following questions briefly:

(i) What additional assumption is required to obtain a unique local solution for the

system of characteristic equations? (name and condition needed)

(ii) Why is this assumption required for the proof of local invertibility? (one sentence
is enough, no proof is needed!)

(ili) What does it mean intuitively /geometrically?



